Abstract. Explicit power series expansions of the gamma function are given close to -10,-2,-1,0,1,2,3,4, and 10 together with formulas that can be used in other integer points. Further, curves along which the real or imaginary part of the function vanish are presented.
Introduction
When just one isolated value of the T-function is needed, it may be computed in a straightforward fashion by Stirling's formula, followed by repeated use of the functional relation Y(z+ X) = zT(z). However, if more detailed knowledge of the function is desired within a small area close to the real axis, a different approach might be reasonable. For n = 2, 3, 4, 10 we give expansions of the form Y(n+X + z) = n\(X+dxz + d2z2 + ■■■), and for n = 0, 1,2, 10, (-l)"«!r(-n + z) = n/(X -z) -X/((n + X)(X + z)) + z-\X + fz + f2z2 + ■■■).
Reasonably fast convergence is obtained, at least for \z\ < X.
A USEFUL ALGORITHM
We will propose an algorithm for computation of certain finite products (also infinite when convergent). This will give us a tool for determining various sets of coefficients. Let Note that if the mk are positive integers, then P is a polynomial, and all uk with k > J2"r=x mr are zero. Using Cramer's rule, we find after some manipulation: In practical computation the system (5) should be solved recursively. However, we also present the first few values explicitly:
u2 = \(w\ + w2), "3 = \{™\ + 3wiio2 + 2^3), «4 = ¿¡(wi + 6wxw2 + Swxw3 + 3w2 + 6w4),
It is interesting to observe that these expressions also appear in a quite different context. Consider the permutations of, e.g., four objects, which we denote 1, 2, 3, and 4. Let (1)(2)(3)(4) be the identical permutation; (1 3)(24) the permutation where 1 and 3 switch places, and the same for 2 and 4; (3)(1 42) the permutation where 3 keeps its place, while 1 goes over into 4, 4 into 2, and 2 into 1; etc. Denote a part permutation involving k objects by sk ; then, e.g., (1)(3)(24) is written s2s2, (2)(1 4 3) as 5^3, and so on. Writing down all 24 = 4! permutations and dividing by 24, we get the so-called cycle index S4 = 2^(SX + 6SXS2 + 8J1J3 + 35-2 + 6s4), an expression with exactly the same structure as «4 in (7).
Power series expansion for Y(z + 2)
As is well known, the T-function is defined in product form by The coefficients cn are well known; they were given by Davis [1, p. 186] and were denoted there by En . On the other hand, only very few power series expansions are reported in the Handbook of Mathematical Functions [2] ; the most interesting is one for 1/T(z). We note here that z = ±X leads to the relation cx + c$ + es H-= c2 + c4 + C(, -\-= \ ■ The numerical values of cn are obtained recursively from the linear system. They are displayed in Table 1 together with the constants gn . with ao = Co = X and ak = 0 when k > n. It is obvious that also the coefficients dx, d2, d3, ... depend on n . The case n = 1 is trivial, since then dk= ck. Also the case n = 0 is easy to handle, since the relation Y(z + X) = Y(z + 2)/(z + 1) leads to dk = ck -dk_x with d0 = X. For « = 2,3,4 and 10, numerical values of dk are given in Table 2 . Table 2 The coefficients dk for computation of Y(n +X + z) = Y(n + X) • (X+dxz + d2z2-\-). When n = X we have dk = ck (see Table  1 ). When n = 0, use Y(X + z) = (X +cxz+ c2z2+ ---)/(X + z). and hence er = cr -er-X with eo= X. Obviously, the coefficients e and d are identical when n = 0. Table 3 Coefficients fk for n = 0, X, 2, 10 and k = 1(1)20 defined by (-X)"n\Y(-n + z) = n/(X -z) -X/(n + 1)(1 + z) + (X+fz + f2z2+ ■■■). It turned out that the coefficients ek for large values of k essentially behave as n + (-X)k/(n + X). For this reason, we tabulate in Table 3 other coefficients fk defined by (IV) fk = ek-(n + (-X)k/(n + X)), giving much better accuracy. If a complete power series is wanted, it is an easy matter to recompute the coefficients ek . Using the new coefficients, we find <18> r<-"+z> -(« -oi'i'-D-(. +(iw + z)+i¥r"+/'z+^2+->-This formula will give reasonable results, even when \z\ is only slightly less than 1, and when \z\ < \ , we will get 10-digit accuracy. In the case n = 0 we get and, of course, T(l + z) = zr(z). For larger values of k, the coefficients fk behave approximately as -2~k(n(n -X) + (-X)k/(n + X)(n + 2)). Since the coefficients vary in a very regular manner for larger values of k, at least 8-digit accuracy is easily attainable when \z\ < X.
Zero lines for the real and the imaginary part
As is well known, the T-function has no zeros. However, the function values are real along the real axis, and we now ask if there are curves in the complex plane where the real or the imaginary part vanishes. It will then be helpful to consider points z = x + ee'v with x real. We start with the imaginary part and find 
